Abstract. We prove several properties of kernels and cokernels in the category of augmented involutive stereotype algebras: 1) this category has kernels and cokernels, 2) the cokernel is preserved under the passage to the group stereotype algebras, and 3) the notion of cokernel allows to prove that the continuous envelope Env C ⋆ (Z · K) of the group algebra of a compact buildup of an abelian locally compact group is an involutive Hopf algebra in the category of stereotype spaces (Ste, ⊙). The last result plays an important role in the generalization of the Pontryagin duality for arbitrary Moore groups.
Kernel and cokernel in a category with a zero object
Let us recall [7, 9] , that a zero object or zero in a category K is an object 0 such that for each object X in K there exists a unique morphism X → 0, and a unique morphism 0 → X. If a category K has a zero object, then it is unique up to an isomorphism. A morphism X ϕ −→ Y in a category K with a zero object 0 is called a zero morphism, if it can be factored through the zero object, i.e. if ϕ is a composition of two 
Let K be a category with zero.
• A kernel of a morphism ϕ : A → B in K is a morphism κ : K → A such that (i) the composition of κ and ϕ vanishes,
(ii) for any morphism κ ′ : K ′ → A the condition ϕ • κ ′ = 0 implies the existence of a unique morphism δ :
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• A cokernel of a morphism ϕ : A → B K is a morphism γ : B → C such that (i) the composition of ϕ and γ vanishes,
(ii) for each morphism γ ′ : B → C ′ the condition γ ′ • ϕ = 0 implies that there is a unique morphism δ :
8 8 ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ B Recall that an augmentation on a (unital and associative) algebra A over C is an arbitrary homomorphism ε : A → C of unital algebras over C. Certainly, the choice of the augmentation on A is equivalent to the choice of a two-sided ideal I A in A such that A is a direct sum of the spaces over C
where 1 A is an identity of A.
An augmented algebra is a pair (A, ε), where A is a unital algebra over C, and ε : A → C an augmentation. The class of all augmented algebras forms a category Aug, where morphisms ϕ : (A, ε A ) → (B, ε B ) are arbitrary homomorphisms ϕ : A → B of unital algebras over C, which preserve augmentation in the following sense:
ε B • ϕ = ε A . One can note that 1) the algebra C with the identity mapping id C : C → C as an augmentation is a zero in the category Aug. 2) the category Aug of augmented algebras over C has kernels and cokernels.
1.1. Kernel and cokernel as functors. Let K be an arbitrary category with zero. For each morphism α : A → A ′ in this category we denote by Dom(α) and Ran(α) respectively its domain and range:
Thus each morphism α goes from Dom(α) to Ran(α):
α : Dom(α) → Ran(α).
Let us form a new category Arr(K) from K by the following rules:
-the objects of Arr(K) are morphisms of the category K:
Ob(Arr(K)) = Mor(K),
-a morphism in the category Arr(K) between objects α, β ∈ Ob(Arr(K)) = Mor(K) is an arbitrary pair (ϕ, ϕ ′ ) of morphisms ϕ, ϕ ′ ∈ Ob(Arr(K)) = Mor(K) such that the following diagram is commutative:
The category Arr(K) is called the arrow category of the category K. Apparently, it is convenient to write the morphisms in the category Arr(K), as special fractions: if the morphism (ϕ, ϕ
then the law of composition in Arr(K) will be presented by the formula
The following proposition is obvious. 
ϕ, ker α is a covariant functor from Arr(K) into Arr(K). 
And the proposition dual to Proposition 1.1 is
is an epimorphism as well.
2. Kernel and cokernel in the category of augmented involutive stereotype algebras.
The main properties of stereotype algebras are described in [2, 3, 4] . The definitions are the following. A stereotype space (see [2, 3] ) A over C is called a stereotype algebra, if A is endowed with the structure of a unital associative algebra over C, and the multiplication operation is a contiuous map in the following sense: for each compact set K in A and for any neighborhood of zero U in A there is a neighborhood of zero V in A such that
An involution on a stereotype algebra A is an arbitrary R-linear continuous mapping • : A → A with the properties
A pair (A, •), where A is a stereotype algebra, and • an involution on A, is called an involutive stereotype algebra.
The class of all involutive stereotype algebras is denoted by InvSteAlg. It forms a category where morphisms are the continuous linear multiplicative and unit-and involution-preserving maps ϕ : A → B.
An augmentation on an involutive stereotype algebra A is defined as a morphism ε : A → C in InvSteAlg. An augmented involutive stereotype algebra is a pair (A, ε), where A is an involutive stereotype algebra over C, and ε : A → C an augmentation on it. Defining an augmentation on a stereotype algebra A is equivalent to defining a two-sided closed and invariant with respect to the involution ideal I A in A such that A is a direct sum of the vector spaces over C
The class of all augmented involutive stereotype algebras will be denoted by AugInvSteAlg. It forms a category where morphisms ϕ : (A, ε A ) → (B, ε B ) are morphisms of stereotype algebras ϕ : A → B which preserve the involution and the augmentation:
As in the category Aug, the algebra C with the identity map id C : C → C as an augmentation is the zero object in AugInvSteAlg. As a corollary, a zero morphism in AugInvSteAlg is an arbitrary morphism ϕ : A → B which can be decomposed as ι B • ε A , where ε A : A → C is the augmentation on A, and ι B : C → B is the (unique) morphism of C into B. Thus, 
2.1. Existence of kernel and cokernel in AugInvSteAlg. Further we shall need the following constructions.
• Let B be a stereotype algebra and A a closed subalgebra in B (i.e. A is a unital subalgebra in B in the purely algebraic sense and at the same time a closed subspace in the locally convex space B). Let us endow A with the topology induced from B. Then the pseudosaturation A △ of the space A is a stereotype subalgebra, called a closed immediate subalgebra in the stereotype algebra B, generated by the subalgebra A [3, Theorem 5.14].
• Again, let B be a stereotype algebra, and suppose I is a closed two-sided ideal in B (i.e. I is a two-sided ideal in B in the purely algebraic sense and at the same time a closed subspace in the locally convex space B). Consider the quotient space B/I. It is an algebra in the purely algebraic sense, as the quotient algebra of the algebra B by the ideal I, and at the same time B/I is a locally convex space with the usual quotient topology inherited from B. Proof. 1. Let us prove (12). Set
(we endow K with the structure of immediate subspace in A). Let us show that κ : K → A is a kernel of the morphism ϕ : A → B.
a) First, from Proposition 2.1 it follows that ϕ • κ : K → B is zero, since
be another morphism that gives zero in composition with ϕ:
hence κ ′ is lifted to a morphism of stereotype spaces δ :
It is a morphism of augmented involutive stereotype algebras, since it preserves multiplication, identity, involution and augmentation.
2. Let us prove (13). We endow the ideals
B (0) with the structure of immediate subspaces in A and B (in this case the topology which is a pseudosaturation of the topology induced from A and B, see details in [3] ). Let I be a closed immediate two-sided ideal in B generated by the set ϕ(I A ) (i.e. I, as a set, coincides with the closure in B of the two-sided ideal generated by the set ϕ(I A ), and is endowed with the topology which is a pseudosaturation of the topology induced from B). The equality
Therefore,
Set C = (B/I) ▽ , and denote by γ : B → (B/I) ▽ = C the quotient map. The condition I ⊆ I B = ε −1 B (0) implies that the functional ε B can be extended to some functional ε C on the quotient space (B/I) ▽ = C:
Hence γ is a morphism of augmented stereotype algebras (B, ε B ) → (C, ε C ). Let us show that this is a cokernel of the morphism ϕ. a) First, γ • ϕ is zero. To show this take an a ∈ A and put
and by Proposition 2.1 this means that
To verify that it can be factored through γ, i.e. for some morphism ι the diagram (4) is commutative, we have to verify that
In other words, γ ′ (I) = 0.
Since I is a closed two-sided ideal generated by the set ϕ(I A ), it is sufficient for us to prove that
This follows from (14):
2.2. Preservation of the cokernel by stereotype group algebras. The notion of stereotype group algebras was introduced by the author in [1] and described in detail in [2] . For each locally compact group G the space C ⋆ (G) dual to the space C(G) of continuous functions, consists of measures with compact support, and is a stereotype algebra with respect to the usual convolution of measures. This algebra has a natural involution
(here · is the involution in C and u(t) = u(t −1 ) is the antipode in C(G)), and a natural (involutive) augmentation
(here 1 is the identity in C(G)).
Theorem 2.2. Suppose in a chain of locally compact groups
the second homomorphism is a cokernel of the first one in the category of locally compact groups
Then in the corresponding chain of stereotype group algebras
the second morphism is a cokernel of the first one in the category AugInvSteAlg of augmented involutive stereotype algebras:
Proof. Let us introduce a simpler notations:
And let ε = ε C ⋆ (H) be the augmentation on C ⋆ (H), and ι = ι C ⋆ (F ) the embedding of C into C ⋆ (F ). 1. First let us note that κ ′ • λ ′ is a zero morphism:
It is convenient to see this on elements δ t , t ∈ H:
Since elements δ t , t ∈ H, are full in
, this proves (18). 2. Now let γ : C ⋆ (G) → A be a morphism of augmented stereotype algebras that gives zero in composition with λ ′ :
Consider the diagram:
That is the homomorphism t ∈ G → γ(δ t ) (of the group G into the algebra A) is constant on the subgroup λ(H) ⊆ G. This means that it is extended to a homomorphism ϕ : F = coker λ = G/λ(H) → A. This homomorphism ϕ in its turn can be extended to a morphism of the group algebra γ ′ : C ⋆ (F ) → A [2, Theorem 10.12], which is the extension of the homomorphism γ, since on elements G they coincide (we use here [2, Lemma 8.2]).
2.3. Continuous envelope. The notion of continuous envelope of an involutive stereotype algebra A was introduced by the author in [3] and was discussed in detail in [5] . This is an envelope of A in the class DEpi of dense epimorphisms, i.e. the morphisms ϕ : A → B with the property ϕ(A) = B, with the values in C * -algebras:
The detailed definition is the following.
• First, a continuous extension of an involutive stereotype algebra A is a dense epimorphism σ :
A → A ′ (i.e. σ(A) = A ′ ) of involutive stereotype algebras such that for each C * -algebra B and for each involutive homomorphism ϕ : A → B there is a (necessarily, unique) homomorphism of involutive stereotype algebras ϕ ′ : A ′ → B such that the following diagram is commutative:
• Second, a continuous envelope of an involutive stereotype algebra A is a continuous extension env C A : A → Env C A such that for any continuous extension σ : A → A ′ there is a (necessarily, unique) morphism of involutive stereotype algebras υ : 
The morphism Env C ϕ is called the continuous envelope of the morphism ϕ.
Theorem 2.3. Let (A, ε) be an augmented involutive stereotype algebra. Then (i) the continuous envelope Env C ε : Env C A → Env C C = C of the augmentation ε on A is an augmentation on the continuous envelope Env C A of the algebra A; (ii) the envelope env C A : A → Env C A is a morphism of augmented involutive stereotype algebras. 
is a moprphism of augmented involutive stereotype algebras as well due to the doagram
Since C is a C * -algebra, the morphism ε ′ exists and is uniquely defined. The commutativity of this diagram means that σ is a morphism of augmented stereotype algebras σ : (A, ε) → (A ′ , ε ′ ). 2. Let us show that this morphism σ : (A, ε) → (A ′ , ε ′ ) is an extension in DEpi with respect to AugC * . Let ϕ : (A, ε) → (B, δ) be a morphism into an augmented C * -algebra. Consider a diagram in the category of stereotype algebras:
The dashed arrow, ϕ ′ , exists, is unique and the perimeter becomes commutative, since B is a C * -algebra, and σ is a continuous envelope. At the same time the upper inner triangle is commutative, since this is just Diagram (25), and the left inner triangle is commutative since ϕ : (A, ε) → (B, δ) is a morphism of augmented stereotype algebras. In addition σ is an epimorphism, hence the right inner triangle is commutative as well:
This means that ϕ ′ is a morphism in the category AugInvSteAlg, and since it is unique, σ is an extension in AugInvSteAlg (in the class DEpi with respect to the class AugC * of augmented C * -algebras). 8 8 ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
Proof. In the notations of Proposition 2.2, here σ is not just an extension, but an envelope env C A. In this case the augmentation ε ′ on A ′ = Env C A is a morphism Env C ε from (22). Since by Proposition 2.2 σ = env C A is an extension in the category of augmented involutive stereotype algebras, thre must be a unique morphism υ in (25). 
is a continuous envelope of the group algebra C ⋆ (H). As a corollary,
The following proposition is proved in [5, Proposition 5.27].
Theorem 2.6. Suppose Z is an abelian locally compact group, and K a compact group. Then the formula
defines a mapping
which is a continuous envelope of the group algebra C ⋆ (Z × K). As a corollary,
Let us call a locally compact group G a compact buildup of an abelian locally compact group, if there exist closed subgroups Z and K in G with the following properties: 1) Z is an abelian group, 2) K is a compact group, 3) Z and K commute: ∀a ∈ Z, ∀y ∈ K a · y = y · a, 4) the product of Z and K is G:
If it is necessary to specify which groups in this constructions are used, then we say that G is a buildup of the abelian group Z with the help of the compact group K. 
and the image of this immersion
The homomorphism of the groups ι : H → Z × K generates a morphisms of group algebras C ⋆ (ι) :
, which in its turn generates a morphism of envelopes
As a corollary, we have a diagram
where ξ is the morphism, corresponding to Env C C ⋆ (ι) under the identification described by the vertical equalities. Note that by Theorem 2.4 the last three horizontal arrows are morphisms of augmented stereotype algebras.
Further we shall need two lemmas.
Lemma 2.2.
2 Let M be a paracompact locally compact topological space, and X a finite dimensional vector space over C. Each closed two-sided ideal I in the algebra C M, B(X) has the form
where N is a closed subset in M , and the correspondent quotient algebra has the form
Proof. For each point t ∈ M we set I(t) = {f (t); f ∈ I} and
Obviously, I(N ) is a closed two-sided ideal in C M, B(X) , and I ⊆ I(N ). Let us show that the inverse inclusion is also true. Take f ∈ I(N ). For each point t / ∈ N we have I(t) = 0, i.e. I(t) is a non-zero two sided ideal in B(X). Since B(X) is a simple algebra, I(t) = B(X). Hence ∀t / ∈ N ∃g t ∈ I(t) = B(X) g t (t) = f (t).
2 Lemma 2.2 was suggested to the author by Robert Israel.
Now for each compact set T ⊆ M and for any ε > 0 we can find a partition of unity {η t ; t ∈ T } on T such that
The sums t∈T η t · g t belomg to I, and since I is a closed ideal, we have: f ∈ I.
Lemma 2.3. Let {A σ ; σ ∈ S} be a family of stereotype algebras,
its product, I a closed two sided ideal in A, and
(ii) I can be recovered from I σ by the formula
(iii) there exists a unique isomorphism
Proof. For each σ ∈ S we define the embedding ι σ :
It is mupltiplicative, but not unital, since it turns the identity 1 σ ∈ A σ not into the identity 1 ∈ A, but into the family
Let us note that (33)
σ (I). 1. From (33) it follows immediately that I σ is a closed subset in A σ . On the other hand, for each p ∈ I σ and q ∈ A σ we have
And similarly, q · p ∈ I σ . This proves (i).
2. Formula (32) is obvious.
The formula
Φ{a σ + I σ ; σ ∈ S} = {a σ ; σ ∈ S} + I correctly defines a mapping Φ :
and it is easy to see that this is an isomorphism of locally convex spaces.
Lemma 2.4. The cokernel of the mapping ξ in (31) in the category AugInvSteAlg of augmented involutive stereotype algebras has the form
where {M σ , σ ∈ K} is a family of closed subsets in Z.
Proof. By Theorem 2.1 Coker(ξ) is a quotient algebra of the algebra σ∈ K C Z, B(X σ ) by some closed two-sided ideal I. By lemme 2.3 such a quotient algebra is isomorphic to the product of the quotient algebras C Z, B(X σ ) by the ideals I σ . And by Lemma 2.2 these quotient algebras are isomorphic to the algebras C M σ , B(X σ ) :
Let Z · K be a buildup of an abelian locally compact group Z with the help of a compact group K. Consider the chain of homomorphisms
where H and ι are defined in Lemma 2.1, and κ = coker ι.
(by Lemma 2.1 κ can be treated as a mapping from Z×K into Z·K). By Theorem 2.2 in the corresponding chain of morphisms of group algebras
the second morphism is a cokernel of the first one:
In other words,
Consider the chain obtained from (36) by the applying the functor of continuous envelope:
By Theorem 2.4 this is a chain of morphisms of augmented involutive stereotype algebras.
Lemma 2.5. The mapping
is an isomorphism of stereotype algebras.
Proof. 1. Prove first that the mapping κ is open. From Lemma 2.4 it follows that the topology of the algebra Coker(Env C (ι * )) is generated (without pseudosaturation) by the inverse images of the open sets under the morphisms (continuous homomorphisms without taking into account the augmentation) ϕ : Coker(Env C (ι * )) → B into different C * -algebras. Hence for proving the openness of the mapping
it is sufficient to show that each morphism ϕ : Coker(Env C (ι * )) → B into an arbitrary C * -algebra can be extended to some morphism ϕ
When an element t ∈ H moves by the left vertical arrows, and then by the lower horizontal ones, it turns into the identity. Hence, when it moves by any other way from the left upper angle to the right lower angle, it again turns into the identity. In particular,
From this we have that the representation of the group Z × K in the algebra B
can be extended to some representation ψ : Z · K → B. By the main property of gorup algebras [2, Theorem 10.12] this represetation generates a morphism of stereotype algebras
Since B is a C * -algebra, the morphism ψ ′ can be (uniquely) extended to the envelope as a morphism
The whole diagram remains commutative since coker ι * , env C C ⋆ (Z · K), κ are epimorphisms, and the image δ Z×K has dense linear span in C ⋆ (Z × K). 2. Further let us prove that the mapping κ is injective. Take x ∈ Coker Env C ι * , such that x = 0. By Lemma 2.4 we can identify Coker Env C ι * with the algebra of the form σ∈ K C(M σ , B(X σ )). Hence the identity x = 0 in Coker Env C ι * implies the existence of a morphism ϕ : Coker Env C ι * → B into a 
where {M σ ; σ ∈ K} is a family of closed subsets in the Pontryagin dual group Z of the group Z.
The following two propositions are special cases of Proposition 5.31 and Lemma 5.53 in [5] . The proof of these statements contained errors in [5] 3 , and we repair these errors in the special case which is interesting for us here. 
Proof. This is seen from (40). 
is a dense epimorphism.
Proof. From (40) we have that since the image of C ⋆ (Z · K) under the mapping env C C ⋆ (Z · K) is dense in the space σ∈ K C M σ , B(X σ ) , under the projection on each finite product σ∈S C M σ , B(X σ ) (where S ⊆ K is an arbitrary finite set), the mapping
3 See [5, Errata] .
is dense as well. This implies that for each finite sets S, T ⊆ K the arising mapping of the tensor products
is again dense. Note further that C M σ , B(X σ ) and C M τ , B(X τ ) are Frèchet spaces with the classical approximation property. Hence by [2, Theorem 7 .21] their stereotype injective tensor product coincides with their classical injective tensor product:
At the same time the algebraic tensor product C M σ , B(X σ ) ⊗ C M τ , B(X τ ) is dense in C M σ , B(X σ ) ⊗ C M τ , B(X τ ) . This implies that the projective stereotype tensor product C M σ , B(X σ ) ⊛ C M τ , B(X τ ) is also dense in C M σ , B(X σ ) ⊗ C M τ , B(X τ ) . This means in its turn that the composition of the mappings
is again a dense mapping. And this is true for each finite sets S, T ⊆ K. We can conclude that the mapping into the infinite product
is again dense.
Theorem 2.8. Let G = Z · K be a buildup of an abelian locally compact group Z with the help of a compact group K. Then the continuous envelope Env C C ⋆ (G) of its group algebra C ⋆ (G) is an involutive Hopf algebra in the category of stereotype spaces (Ste, ⊙).
